HIGHER LEVEL QUADRATICALLY TWISTED GAUSS
SUMS AND TOTALLY ISOTROPIC SUBSPACES

LYNNE WALLING

ABSTRACT. We consider a generalized Gauss sum supported on matrices
over a number field. We evaluate this Gauss sum and then describe it in
terms of the number of totally isotropic subspaces of related quadratic
spaces. Then we consider a further generalization of such a Gauss sum,
realizing its value in terms of numbers of totally isotropic subspaces of
related quadratic spaces.

1. INTRODUCTION

Gauss sums and their numerous generalizations are ubiquitous in number
theory. When studying the action of Hecke operators on half-integral weight
Hilbert-Siegel modular forms, the generalized Gauss sum we encounter is
defined as follows. Let K be a number field with O its ring of integers, B
a nondyadic prime ideal in O, and F = O/; we fix p € 9~ B! so that
pOp = 07 1P~10gp (where 9 is the different of K). Then for T € Fgym
(meaning that 7" is a symmetric n X n matrix over [), we set

. det S
G0 = ¥ (%) etrse)
SeFm
where o denotes the matrix trace map, e{x} = exp(m'Trg(a(*))), and

<%) is the Legendre symbol. One sees that for M, N € Ogm with M =

N (mod ‘B), we have e{2Mp} = e{2Np}; consequently, G7.(B) is well-
defined, although it is dependent on the choice of p.

For our application to half-integral weight Hecke operators, we need to
relate these Gauss sums to R*(T L <1>,Oa)7 which is the number of a-
dimensional totally isotropic subspaces of the dimension n + 1 F-space V/
whose quadratic form is given by T' L <1> (A subspace W of V is totally
isotropic if the quadratic form restricted to W is 0, and A 1L B denotes the
block-diagonal matrix diag(A, B).) In Theorem 1.1 we evaluate G;.(B), and
in Corollary 1.2 we give G5 (%) in terms of R*(T L (1),0,).

To state the theorem, set ¢ = (%) , and fix w € F so that w is not a

square in F; set J,, = I,—1 L (w). For T, S € Fiym, write T ~ S if there is
some G € GL,(F) so that T = 'GSG. Note that with d = rank T, either
T~1;10, gorT ~ Jg 10, 4. With this notation, we have the following.
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Theorem 1.1. Take T € Fgym where n € Z. Suppose that 0 < d < n and
T~I1;10,_qorT~Jd;L0,_gq. Take c so thatd = 2c ord = 2c+ 1.

(a) Suppose that n = 2m. Then with N(*B) the norm of B,

G (F) = (—1)%e"N)™ - JT (V)™ - 1),
i=1
(b) Suppose that n = 2m + 1. When d = 2¢, G5 (P) = 0. When d =

2c+1,

3

—C

G7(P) = (—1) NP e gr ) - [T (V) - 1)

i=1
T~ Ta L0, g, and GH(B) = —G;, 1o, ,(B) if T~ Ja L 0.
Corollary 1.2. Take T € Fggm wheren € Z. Let V be the dimension n+1

space over | with quadratic form given by T L <1>, and let R*(T L <1>, 0a)
be the number of a-dimensional totally isotropic subspaces of V.. We have

n

(GHR)" Gr(B) = Y _(~1)" N () D2l RA(T L (1), 04).

a=0

To prove Theorem 1.1, we perform a deconstruction to reduce G7.(B) to
a sum in terms of Gauss sums G5 () where the Y are smaller than T". For
this we repeatedly use the elementary fact that o(AB) = o(BA), knowledge
of representation numbers over finite fields, and elementary combinatorial
methods. Then using induction, we prove Theorem 1.1; Corollary 1.2 then
follows from Lemma 3.1 of [3].

In Proposition 4.1, we consider the following generalized Gauss sum: with
T € Fgym and 0 < r < n, set

Gr(B;r) = Z e{2TSp} — Z e{2TSp}

S~ Ir10n—r S~ JrL0p—r

(so for r = n, this is G;(P)). We again deconstruct GJ.(B;r) as a sum
in terms of Gauss sums Gy () with the Y smaller than 7', and then from
this and Theorem 1.1, we describe G7.(;r) in terms of numbers of totally
isotropic subspaces of spaces of quadratic spaces related to T

It is important for us to note that in [2], Saito studies analogues of these
Gauss sums over finite fields, with an interest to applications to twists of
Siegel modular forms. Although his main interest is in twists by the qua-
dratic and the trivial characters, he considers twists by all characters, mak-
ing his arguments more complicated than ours. We note that Theorem 1.3
[2] includes the results of our Theorem 1.1. Saito also considers finite field
analogues of the Gauss sums G7.(; ). He develops relations between these
Gauss sums, some of which are quite complicated. In Proposition 4.1 (a),
we present a simple relation very similar to his relation in Proposition 1.12
[2]; then in Proposition 4.1 (b) we present formulas for these Gauss sums
in terms of numbers of totally isotropic subspaces. The value of this paper
is to present an approach simpler than that of [2], demonstrating our de-
construction technique, and to relate these Gauss sums to representations
of zeros.
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Note that it is quite easy to modify our techniques to generalized Gauss
sums twisted by the trivial character, and to Gauss sums over a finite field I,

with odd characteristic p where e{x} is replaced by exp(miT rgz (o(x))/p)).

2. NOTATION

Besides the notation given in the introduction, we define the following.
Fort,s € Z4 with s <t, and X € [Fg’}fm, Y € Feym, define the representa-
tion number 7(X,Y") to be

r(X,Y)=#{CeclF": 'CXC=Y},
and define the primitive representation number r*(X,Y’) to be
r(X,)Y)=#{C el 'CXC =Y, rankC =5 }.

Let o(X) denote the order of the orthogonal group of X; so o(X) = r*(X, X).
We make great use of the following elementary functions, that help us encode
formulas involving representation numbers.

s—1 s—1
p(t,s) = [TV = 1), 8(t.s) = [T(VER) ™ + 1),
=0 =0
_ u(t,s) Uit s) — o t i ) — pé(t, s)
B(t,S) - /J/(S,S)’ (t? ) - E(N(m) N(m) )7 7(t¢ ) - [I,(S(S,S)'

We agree that when s = 0, the value of any of these functions is 1; when
s < 0, we agree that 3(t,s) = 0. Note that B(¢,s) is the number of s-
dimensional subspaces of a t-dimensional space over F, and v(¢,0) is the
number of bases for a t-dimensional space. Finally, for d € Z; and i € Z
with 0 <i <d, weset Ug; =1; L 04—; and Ug; = J; L 04_;.

3. PROOFS OF THEOREM 1.1 AND COROLLARY 1.2

We begin by proving Theorem 1.1. As ‘P is fixed, in this section we write
Gt for G1.(B).
First notice that

G - T 1- Y 1= [CLDl _GL(D)]

(
YL Yo o(In) o(Jn)

so using Lemma 5.1, when n is odd we get G5 = 0, and when n = 2m we
get

G, gy ),

For the rest of this section, take d so that 0 < d < n. With G € GL,(F),
we have

e{2'GL,,GU, 4 - p} = e{2Y'p}, e{2'G1,GU, 4 p} = e{2Y Jyp}
where Y is the upper left block of *GI,,G; similarly,
e{2'GJ,GU, q- p} = e{2Y'p}, e{2'GJ,GU, 4 p} = e{2Y Jyp}



4 LYNNE WALLING

where Y is the upper left block of !GJ,G. The number of Y ~ I, with
upper left d x d block Y’ is v(n,d)r*(I,,Y")/o(I,), as for C € F*»? with
rank C' = d, the number of ways to extend C to an element of GL,(F) is
v(n,d). Similarly, the number of Y ~ .J,, with upper left d x d block Y is
v(n,d)r*(J,,Y")/o(J,). Hence we have

G = > e{2VUna-p}— > e{2YUpa-p}

S <e{2tGInGUn7d-p}_e{ZtGJnGUn,d‘P}>

GEGLn(F) o(In) o(Jn)

B (I, Y')  r*(Jp,Y') /

=v(n,d) Z ( o) ol e{2Y'p}.
v'eFdd

Note that we can partition [Fs‘% into GL4(F)-orbits, and in Lemma 5.1, we

compute representation numbers 7*(-,-). We find that when n is odd, we
have o(I,) = o(Jp), r*(In, Ug2k) — r*(Jn, Ug2) = 0, and

7 (Ins Ug k1) — 7 (Jny Ug k1) = 7 (Jn, Ug k1) — 7 (In, Ud26+1)-

Hence with n = 2m + 1, using Lemma 5.1 and then Lemma 5.3, we get

v(n,d) L
o ) m—k 2mk—k2+m—k+(d—2k—1)(d—2k—2)/2
Gt = (L) kZ_Oza N(P)

-pd(m,d—k—1) Z e{2Yp} — Z e{2Y p}

YNUd,2k+1 YNUd72k+1
d/2
_ v(n,d) Z 2EmfkN(;B)2mkfk2+mfk+(d72k71)(d72k72)/2
o(Iy) —
r*(Ig,Y) .,
~pd(m,d—k—1)- Z (()(Y))gy

cls Y eF2kt1.2k+1

sym

(where clsY is the isometry class of Y, or equivalently, the G Ly([F)-orbit of
Y). With n = 2m + 1, similar reasoning gives us

95, , = v(n,d) > <r*(In’Y/) - r*(Jn’Y/)) e{2Y" Jyp}

yerge ~ o) o(n)
/2
_ v(n,d) m—k Imk—k24m—k-+(d—2k—1)(d—2k—2) /2
IINIL S
o(Iy) —
r*(Jg,Y) ..
u&(m,d—k—l) Z g(}/))gy

cls Y eF2kf12h 1
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Now suppose that n = 2m. Then using Lemma 5.1 we have

r*(I,,Y) B r*(Jn,Y)
o(In) o(Jn)
1

= oy Goms1, (1) LY) = 7" (Jome, (1) LY)

So following the above reasoning, for n = 2m we have

v(n, d) d/2
G = 9em—k £ 2mk—k2+m—k-+(d—2k)(d—2k—1)/2
Upna — O(In+1 k,ZO ((’B)
1,
pué(m,d—k) - Z (()(Y) )gy,
cls YeFayn®
v(n,d) L
kL ) 9cm—k N 2mk—k2+m—k+(d—2k)(d—2k—1)/2
Un,d O(In_l,_]_) kzo (m)
Ja,
-pd(m,d—k) - Z ((d))gy
avera O

To evaluate G; and G , we make use of the (non-twisted) Gauss sums

G, = Y e2L[Ulp}, Gs, = Y e{24,[Up},

UeFn:n UeFn:n
Gr,= Y e{2L[UlJnp}, Gy, = D e{24[U]Jnp}.
UegfFn:n UelFn.n

For Y € ™", by looking at the trace of the matrix 'YY, it is easy to check
that Gy, = (gi‘)"Q. Similarly, we have

Gs, = (G ™V (G5 =G, Gy, = (G1)V7 (G2,

Classical techniques give us G = —G; and (G;)? = eN(B).
On the other hand, we have

G, = > r(In,Y)e{2Yp}, G = Y r(Jn,Y)e{2Yp},

YeFgym YeFgym

Gro= Y rInY)e{2Yup}, Gy = > 7(Jn,Y)e{2Y Jyp}.

YeFim YeFim
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Partitioning Fgym into G L, (F)-orbits, we get

1 1
m gln - m gjn
r(In, On) _ 7(Jn, 0n)
o(I) o(Jn)
Iann Z) (JnaUn,Z) e
’ 0<z€;n YNEU: ( o(Jn) ) e

InaUnE)_T(Jnyﬁn,Z) e
t 22 ( o(Jn) ) t2yek

0<l<ny~U, ,

Notice that r(1,,I; L 0g_¢) = 7*(In, Lg)r(I—¢, 04—¢). So using Lemmas 5.1
and 5.2, and then Lemma 5.3, when n is odd we get

G, =G, = Y (r(In, Ung) = 7(Jns Un))

0<t<n
£odd

S v Y eov)

Y~Up Y~Upe

r*(In,Y)
= 1,,U,p) —r(Jn, U, —— =Gy

<§£; (7"( ns n,Z) 7"( ny nl)) Z[é 0<Y) gy
Of_od_dn clsYelgym

Similarly, with n odd,

B _ T, Y
Cianis ~ G = 3 (0L Ung) = 7(Jns Un)) S ggy

o
0<¢<n clsYeF4) ¥)
Zodd sym

When n is even, similar arguments give us

’I“*(InJrl, 1) gIn -r ( n+1, )an

I,,Y
= 2 (i (1) LU~ Ui () LU X Ty,
Oﬁgegn csYe [Fﬁfm

T*( n+1, )gln ( n+1, )an
= 3 (1T, (1) LU) = (i, (1) LU S ng

o(Y)
oege%r? s YeFkhn

Now we argue by induction on m to prove the theorem in the case that
n = 2m + 1. For m = 0, we have g(*h L= G7 (by definition of Gj), and
as we have already noted, g%l = —G7. So suppose that m > 1 and that

the theorem holds for all G where Y € F2h"* ™ and 0 < 7 < m. With
0 < d < n, we begin with the expression for G;; = that we derived above.

By the induction hypothesis, for 2k +1 < d and Y € [Fg,ﬁl’%ﬂ, we have
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Gy = efN (B)***+2k . hy where hy is defined in Lemma 5.4. So by Lemma
5.4 we have Q(*]n , = 0 when d is even, and

v(n,d) L
G = ) 2€mka(;B)kafk2+mfk+(d72kfl)(d72k72)/2
Un.a o(In) kzo
C 2 (&
pd(m,d —k — 1) - (1) PN (P (e, k)
when d is odd with d = 2¢ + 1.
So assume now that d = 2¢ + 1; then we have
v(n,d)
o(1)

t
At q) = Y (=1)FN(R)FHE2D u§ (m, 2t + g — k) (L k).
k=0

Since (¢, k) = N(R)?~v(t — 1,k) +~(t — 1,k — 1), we have
t—1
Alt,q) =D (=D)F N (R0 15 (m, 2t 4 g — k= 1))y (t - 1,k)
k=0
H(pO(m, 2t + g — k) — N ()22t

Therefore, using that v(n,d) = N ()= D+d=1/2(n — d n — d),

g(*]n = 25m+cN(;p)m+2czgf . A(c, 0) where

_ 2(m —¢),2(m —¢))
* — (-1 cem—l—cN m24+2m—c . N( ) *’
gUn d ( ) (m) ;uS(m —cm— C) gl
as claimed in the statement of the theorem. A virtually identical argument
gives us g%n’d = —g;;n’d.

Now, still taking n = 2m + 1 and beginning with our earlier expression
for Gr, — G, we use Lemmas 5.1 and 5.2 to give us

m m—k

gIn - an -9 Z Z (_1)m—k—sgm—kN(gp)ka—k2+m—k+(m—k)2+32

k=0 s=0

- pd(m, k)Bo(m — k, s) - Z

cls Y eF2k 12k tt

7 (lomt1,Y) G
o(Y) v

Using that o(I,) = 2N(‘]3)m2u6(m,m), and the induction hypothesis for

Y € [Fg;,ﬁl’%ﬂ with k£ < m, we have

G1, — G, = o(L2m+1)91,,,,, — olam+1)e™ N (B)™ "G hi,,,, + 201 B
where

k=0 s=

2 *(Iom+1,Y)
. €kN(q3)k +2k Z Tz(i}j)l hy.

m—k

(1) EN ()™ b (m, k) B (m — k. 5)
0

cls Y eF2k 12k tt
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By Lemma 5.4, we get

m m—k

B=Y" S (-~ N ()RR DT 5 (m, k) B6 (m — k., s)y(m, k).
k=0 s=0
Since y(m, k)Bd(m—k,s) = Bd(m, s)y(m—s, k), we can sum on 0 < s < m,
0 < k <m — s. Then replacing s by m — s and using that B(m,m — s) =
B(m,s), we get
B =Y (=1)°N(R)2 +2m=2ms+5" §(m m — 5)B(m, s) - C(s) where
s=0

C(t) =Y NR)E D ps(m, k)y(t, k).

k
Since ¥(t, k) = N(B)%~(t — 1,k) +~v(t — 1,k — 1), we have
C(t) = N(P)*"C(t — 1) = N(P)*™C(0) = N (P)*™".
Therefore
B = N(P)¥™**+2D(m, 0) where

t

D(t,q) = > (1) N(P)*CTI8(t + q,t — 5)B(t, 5).

s=0
Since B(t,s) = N(B)*B(t — 1,s) + B(t — 1,s — 1), we have
D(t,q) =D(t—1,q+1) =D(0,t+q) = 1.
Therefore B = N()2™*+2™_ Qur earlier computations show that Gy, —
G, = 2N (R)>W*+2mGx; so
Glypir = E"NB)™ 2" by, G = <—1>mN<m>m2+m Gi.

A virtually identical argument gives us G = —g7 .
Now we argue by induction on m to prove the theorem in the case that
n = 2m. Since the computation for m = 1 is essentially identical to the

induction step for m > 1, we formally define G; = Gj = 1 (which is
consistent with the formula claimed in the theorem). So now suppose that
2r,2r

m > 1 and that the theorem holds for all Gy where Y € F5yin and 0 <7 <
m. With 0 < d < n, we begin with the expression for QU that we derived

above. Take c so that d = 2c or d = 2c+ 1. Using the mductlon hypothesis,
Lemma 5.4, and arguing as we did when n was odd, we get

A v(n,d)
gUn d -
’ o(In+1)
where A(t, q) is as defined earlier in this proof; recall that

Alt,q) = (=1)'pd(m,t + q).
Since pu(2(m —¢),1) = pd(m — ¢, 1), for d = 2¢ or 2¢ + 1 we get

90,4 = (—1)c™ N ()™ n(2(m —c),2(m — C))‘

pnoé(m —c,m — c)
A virtually identical argument gives us Gz L= 9i. .

2e™ N (P)"FA=D2 A (¢, d — 2¢)
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Still assuming that n = 2m and beginning with our earlier expression for
r*(In+1,1)Gr, —7r*(Jnt1, 1)Gy, , we use Lemmas 5.1 and 5.2 and the induction
hypothesis to get

7" (In41,1)G1, = 77 (Jnt1,1)G,
= o(In+1)G7, — o(Int1)e" N ()™ - hr, +2e" N(B) "B
where B is as in the case of n odd. We saw that B = N ()2 +2m and
r*(Ing1,1)G1, = r*(Jns1, )G, = 26N ()

SO we get

2 2
The argument to evaluate G is essentially identical to that of evaluating
GJy,yq» Where for this we begln with the identity

7 (Jomi1s 1)G 1, — 7 (Tomg1, 1)G gy, = 26N ()2 +m,

This proves the theorem.

To prove Corollary 1.2, we first note that by Theorem 1.1, (G7)™ G has no
dependence on our choice of p. Thus we can follow the argument of Lemma
3.1 [3], as the techniques are local. In [3], all quadratic forms were assumed to
be even; since 2 is a unit in F, we have R*(T' L (1),0,) = R*(2T L (2),0,)
and hence Corollary 1.2 follows.

4. VARIATIONS ON QUADRATICALLY TWISTED (GAUSS SUMS

For T € F¢ym and 0 < r < n, here we consider G (B; ), as defined in the
introduction. For T = 0,, we have G5 (B;7) = G, (), so we only need to
consider T' # 0.

Proposition 4.1. Taken € Z, T € F¢ym and let d = rankT.
(a) Suppose that 0 < 2t+1 < n. When d is even we have G(B;2t+1) =
0. When d is odd with d = 2c + 1, we have Gz d(‘B; 20+ 1) =
~Gf (Pi2t+1), and ’

G, (Bs2+ 1) = 2 e N )G ()G, (R520)

(b) Suppose that 0 < 2t < n; set s =n — 2t. Then with ¢ so that d = 2¢
or 2c+ 1, we have

v(n,d) g
o(I2t41 L Og) prt
Y(e, k)As(t — k,c— k)

G (P 21) = (—1)REFN () B2k (1, )

where
Ag(z,y) = (N(B)* +")r"(I2e L 05,02y) — (N(B)* — %)r"(Jax L 05, 02y).

Remark: As v(2y,0) is the number of bases for any 2y-dimensional space,
r*(T",09y) = v(2y,0) - R*(T",09,) for any symmetric 7".
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Proof. Throughout this proof, we follow the lines of argument used in Sec-
tion 3. In this way we get

o= 2 (o))

d,d
YE[Fsym

G B =) 3 (S5 - gy ) v i

verdd,

We have 0(0,—,) = v(n —r,n —r), and
0(Uny) = o(L)N(P)" " 0(0—r), 0Tn,) = o(Jr)N(P) " " (n—r,n—r).
First consider the case that r = 2t 4+ 1. Then for even ¢ (¢ < d), we have
7 (Unirs Ua ) = 7" (Uns Ugy) = 0 = 1" (UnpUdy) — " (Uny, Udy),
and for odd ¢ we have
7 Unys Uah) = 7" (Uny Ug)s 7 (Uny Uge) = 1" (Unr, Uae)-

Hence using Lemma 5.3, we have

g[»}nyd(;‘p; 2 + 1) — V(”a d) Z Z r*(Ida Y) gik/

O(Un,2t+1) 0<2k+1<d \ (lgy eF2k+1.2k+1 O(Y)

sym

(r*(Un2t+1, Ud2k41) — 7" (Un2i41, Ug2k+1))-
So by Theorem 1.1 and Lemmas 5.1 and 5.4, when d is even we get Gp; (B; 2t+
1) =0, and when d is odd with d = 2¢c+ 1, we get

O(I/Ugl;j_)l) Z(_l)ké—k—i_cN(m)kQ—'—c’y(C’ k)gik

k=0

Gy, (B2t +1) =

(r*(Unat+1, Ug2k41) — " (Unot+1, Ug 2k+1))-

d(‘B; 2t4+1) = —g[’}nyd(‘ﬁ; 2t+1).

Now consider the case that r = 2¢t. With d = 2¢ or 2¢ + 1, reasoning as
in Section 3 gives us

An almost identical argument gives us g%

C

(—~1)FFN () (e, k)
k=0

v(n,d)
o(Un+1,2t+1)

G, (B 2t) =

(r*(Un41.2641, Ui ,2641) — 75 (Ung1,2641, Udi1,2641))
~g;, (w)

This gives us (a) and part of (b).

To finish proving (b), we begin with the above equation, taking d = 2ec.
It is easily seen that r*(I, L 0s,1) = N(P)*r*(I,,1), and consequently from
Lemma 5.1 we get

7 (Unt1,2041, Ud1,2641) — 75 (Unt1,2041, Ud1,2641)
= N(P) " CEEDFARR Ny 51 k) Aot — ke — K)

with As(z,y) as in the statement of the proposition. O
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5. LEMMAS AND THEIR PROOFS

Lemma 5.1. Take t,d € Z+. We have:

(I, 1) = N(B)THN(P)' — ') = r*(Lar, ),
(o, 1) = N(B) THN(P) +¢') =" (Jar, 1),
r(Ta1,1) = N(B) (N(B) +€) = 1" (Jars1,w),
r(To1,w) = N(B) (N (P)' — ') = 1" (Jarg, 1);

also,

(11, 04) = N(P)HD/2(N () — epd(t —1,d — 1)(N(B) + "),
r*(Jar, 0a) = N(P) V2N +)pud(t —1,d — 1)(N(P)~4 - ),
*(Iot+1,0a) = N(P)HD2u8(t,d) = r* (Jar41, 04).-

Proof. The first collection of formulas are from Theorems 2.59 and 2.60 of [1].
For the second collection of formulas, we begin with Theorems 2.59 and 2. 60
of [1], giving us formulas for r(I;,0) = r*(I;,0)+1 and r(J;, 0) = 7*(J;, 0)+
Now consider the case that V is a 2t-dimensional space over [F equlpped
with a quadratic form Qy given by I relative to some basis for V. So
r*(I9,04) is the number of all (ordered) bases for d-dimensional, totally
isotropic subspaces of V. (Recall that a subspace W of V' is totally isotropic
if Qy restricts to 0 on W.) Suppose that d > 1; we construct all bases
for d-dimensional, totally isotropic subspaces of V as follows. Choose an
isotropic vector x from V (so x # 0 and Qy(x) = 0; note that this is not
possible if ¢t = 1 and € = —1). Then as V is a regular space, there is some
y € V so that y is not orthogonal to z; hence (by Theorem 2.23 [1]) z,y
span a hyperbolic plane, and (by Theorem 2.17 [1]), this hyperbolic plane
splits V', giving us V = (Fz & Fy) L V/ where V' is hyperbolic if and only
if V is. We have discV = ediscV’ and so the quadratic form on V' is
given by Iy;_1) if € =1, and by Jy;_1) if € = —1. The number of all bases
for d-dimensional, totally isotropic subspaces of V with x as the first basis
element is N(ﬁ)d_lr*(IQ(t_l),Od_l) if e =1, and N(PB) 1 7 (Ja(t—1y, 0a-1)
otherwise. The formula claimed now follows by induction on d.

Virtually identical arguments yield the formulas when I is replaced by
Jot or Iopyq or Jopia. O

Lemma 5.2. Suppose that m > 0. We have

i(—l)sN (9B) =) 86 (1m0, m — )

s=0
= r(Tom+1, 02m+1) = 7(J2m+1, 02m+1),
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S (1) N D B $)3(m — 1 — )
s=0

. T(IQma 02m) Zf em =1,

B T(JQm,OQm) if&‘m = —1,
Z(_1)s-i-lN(;B)2m(m—s)+s(s—1)16(m —1,m— 5)5(m, m— S)
s=1

. T(JQm,02m> if&‘m = 1,
| 7(Tom, O2m)  if €™ = —1.

Proof. Suppose that V' is an n-dimensional vector space over F equipped
with a quadratic form given by Qv = I, or J,,. Then r(Qv, 0,) is the number
of (ordered) z1,...,x, € V so that span{zy,...,z,} is totally isotropic. As
v(d,0) is the number of bases for any given dimension d space over [, the
number of dimension d totally isotropic subspaces of V is

pa(V) =17(Qv,0q)/v(d,0).
We treat the case that V' ~ H™, meaning that dimV = 2m and the

quadratic form on V is given by Iy, if €™ = 1, and by Jo, otherwise
(analogous arguments treat the other cases). Slightly abusing notation, we
write (z1,...,T2y,) €V to mean that (z1,...,x2,) is an ordered 2m-tuple

of vectors from V. We set

Win—s = {dimension m — s totally isotropic subspaces W of V'},

and we let
L (en. . 2am) = {1 i 21, €W,
0 otherwise.
Thus for (z1,...,z9,) C V, ZWeWmfs 1w (z1,...,Toy) is the number of
elements of W,,,_s containing x1, ..., Zomy, and, noting that N(ﬂ3)2m(m_5) is

the number of (ordered) 2m-tuples of vectors in each W € W,,,_,, we have

) S Lw(er. . z2m) | = NP0, (V).
(z1,e.,x2m )CV WeEWm—s
So
Y(V) =D (~1) N()mrmm=s)g (V)
s=0
= Y SN ST (@, 7om)
(:E1,...,x2m)gv s=0 WeWnm—s

Fix (z,...,25,,) C V; let W’ be the subspace spanned by z,..., 25, ,
and set £ = dim W'. If W’ is not totally isotropic then Ly (2],...,25,,) =0
for all totally isotropic W. So suppose that W' is totally isotropic. Then
repeatedly using Theorems 2.19, 2.23, 2.52 of [1] and the assumption that V'
is regular, we find that there is a dimension £ subspace W so that W/ W ~
H and V = (W' @ W") L V' where V' ~ H™‘. Hence the number of
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W € Wy,—s that contain W' is ¢,,_s_¢(V’). Therefore, using Lemma 5.1
and the above formula for ¢,,_s_¢(V’), we have

~

m—

(_1)SN(§B)S(571) Z ﬂ(xllvvwém) = A(m_£7m_€_ 1)
0 WeEWn—s

s=

where
t

At k) =D (=1)*N(R) T+ 068(k,t — 5)B(t,t — s).
s=0
We argue by induction on ¢ to show that for any k£ and ¢ > 0, we have
A(t,k) = 1. Clearly A(0,k) = 1 for all k. So fix ¢ > 0 and suppose that
A(t,k) =1 for all k. Hence we have

t

L= (NP + 1) Y (1N 16k — 1t — 5)B(t, ¢ — 5)
s=0

= N Y (1N 06k, t — 5)B(t t — 5).

s=0

Notice that in the first sum in the above equality, we can allow s to vary
from 0 to ¢t + 1 (since B(t, —1) = 0), and in the second sum we can allow s
to vary from —1 to ¢ (since B(t,t + 1) = 0). Also, we know that

(NOBF + 1)d(k —1,t — ) = (k. t — s+ 1);
so replacing s by s — 1 in the second sum and using that
Blt,t —s) + NB) Bt t+1—s) =Bt +1,t+1—s),

we find that A(t + 1,k) = 1 for all k. Hence ¢ counts (z1,...,29,) C V
zero times if span{xy,..., T2, } is not totally isotropic, and once otherwise.
Thus ¥ = Qv O2m)- O

Lemma 5.3. Fixde€ Zy and ¢ € Z so that 0 < ¢ < d. Then

S oepr- ¥ e - X T en o)

Y~Ug,e Ywﬁdyg cls Y’EfFﬁfm
and
r*(JdaY,) *
3 ef2Y ) — Z {2V Jgp} = ) Wgw(mh
Y~Uge Yalg s Y'eFSia

where clsY' waries over a set of representatives for the GLy(F)-orbits in
0,0
Fsym-

Proof. We first consider the sum over Y ~ Ug,. We know that for G €
GL4(F) and G’ in the orthogonal group of U 4, we have '(G'G)U 44(G'G) =
'{GU44G, so when we let G vary over GL4(F), each element in the or-
bit of Ugy appears exactly o(Ugy) times. Also, recall that with o de-
noting the matrix trace map, we have o(‘GU4,G) = 0(UyeGI;'G) and
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0(UasGIla'G) = o(J;Y") where Y’ is the upper left £ x ¢ block of GI;'G.
So we have

1 _
2Yp} = —— 2'GU4,G
Z e{2Yp} = o(Uy, ) Z e{ 4,0Gp}
YNUdJ GeGLy(F)
v(d,?) > (Ig, YY) e{2Yp}
~ o(Ua) et

since

(I, Y = #{C eF¥': '\CC =Y’ rankC =/},

and the number of ways to extend C' to an element of GL4(F) is v(d,?).
Now, as G varies over GLy(F), ‘GY'G varies o(Y") times over the elements
in clsY’. Also, by Lemma 5.1, we have o(Ugy) = o(Je)v(d, ). Hence

> e{QYp}:O(lj) > > (g/)) e{2GJ,'GY " p}

Ywﬁd’g GEGLd([F) clsY’e [Fﬁyem
r (Id7 Y’ ) /
_ 2XY
2 oy & Y
s Y'EFSm Xr~Jy

where for the last equality we used that as G varies over GLy(F), GJ,'G
varies o(Jy) times over the elements in the orbit of J,.
The analysis of

Z e{2Y p}, Z e{2Y Jyp}, and Z e{2Y Jyp}
Y~Ug,e Y~Uge Y~Ug,e

follow in a virtually identical manner. Then we note that

> e{2XYp} - Y ef2XYp} =G,

X~I, X~Jy
completing the proof. O
Lemma 5.4. Suppose that 0 < £ < d; take ¢ so that d is 2c or 2c+ 1. Take
Y € [Fﬁ’fm, and take b so that rankY is 2b or 2b + 1.

(a) Suppose that £ = 2k; set

_ p(2(k —b),2(k — b))
hy = (=1)"- pd(k — b,k —b)

Then
r*(1g,Y) r*(Ja, Y) i
Ze , O(Y) Y Zl , O(Y) Y ( ) 7(07 )
clsYeFgym clsYelgym

(b) Suppose that £ = 2k + 1; set

(—1)PebN ()b BCED2ED) iy o L Oy,

ek _2?14; b
hy = 4 (=1)" 1PN ()" —“(,L(,s(;,);;,k,;) D if Y~ Joper L Oy,

0 if rank Y = 2b.
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Then when d = 2c,

r*(1a,Y) r*(Ja,Y)
riat), LV g —
Z oY) "V Z oY) ¥ 0,
csYeFgh, csYeFsha
and when d = 2c+ 1,
r*(1g,Y) r(Ja,Y)
TUd )y 2y
ZZ . oY) Y Ze , oY) Y
clsYeFgym clsY€elFgym
= (1) NP (e, k).
Proof. We have
T’*(Id,Y) _ T*(Id705)
> =
o(Y) 0(0y)

clsYe [Fg;,em

¢ *
Z r*(Idez 1 OZ—a) h r (Ida Jo L Oﬁ—a) h
oI, L 0pg) = lot0a o(Jy L 0pgq) | Hatbe=a )

a=1

o(Tap41) N (B)***v(s,0) = N(F)? (s, 1)o(Iops1 L 05-1)
= r*(Iops+1, 1)o(Igp L 05) = r*(Jops1, 1)o(Jop L Og).
(a) Suppose that £ = 2k. Then using Lemma 5.1, when d = 2¢ we get
r* (Lap41, V1" (Las L2p L Ogr—py) + 7" (J2pt1, 17" (Lay J2p L Og(re—s))
_ 2N(;B)(kfb)(2k72b71)+2cb7b2

b(e— 1,2k —b— (N()° — )N 2D 4 =)
and
N(P)*(N(B)*F) - 1)

- (r*(La, Tapyr L Ogge—py—1) + 7" (La, Japs1 L Ok—p)—1))
_ QN(;B)(k—b)(?k—?b—1)+2cb—b2+c—2(k;—b)

(e — 1,2k — b— D(N(F)° — (N ()20 — 1),
So using that pd(t,s +s') = pd(t, s)ud(t — s, s’), we have

v ey, i(_l)bzv<m>2b<b+”'f>ua<c, 2k — b)ud (k, b)

clsYeFhe, oY) =0 pd (b, b)ud(k — b, k — b)ud(k, b)

= 7(k7 C) ’ S(]{Z,C)

where
k

S(k,c) => (=1’ NB)*CH P us(c — k, k — b)y(k,b).
b=0

Since vy(k,b) = N(B)?~(k —1,b) +~v(k — 1,b — 1), we find that
S(k,c)=—S(k—1,c—1) = (=1)kS(0,¢ — k) = (-1)*,

proving one case of (a). We follow this same line of argument when replacing
Is. by Ja., and when replacing 2¢ by 2¢ + 1.
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(b) Suppose that ¢ = 2k 4+ 1. Using the definition of hy, we have
k

r* (Id, Y) % N
Z“ 0 hy = (r*(La Tape1 L Ogppy) — 7" (L, Japs1 L Ozis)))
cls Y EFgm b=0
. h12b+1J-02(k7b)
o(Ipy1 L Ogg—py)

When d is even, T*(Id, IQb_H 1 02(k7b)) = T*(Id, J2b+1 L 02(lcfb))7 so when d
is even the above sum on clsY is 0. So suppose that d = 2c+ 1. Then with
S(k,c) as in case (a), we have

*Ig, Y . o
S Ty < N ) e, 1S (e b
s YEFS oY)

= (=1)*e"N () v(c, k).

To evaluate the sum on clsY when I is replaced by J4, we first note that
for any s > 0, when d is even we have r*(Jy, Iopr1 L 05) = 7*(Jg, Jopr1 L 0s),
and when d is odd we have r*(Jg, Iopy1 L 05) = 7" (g, Jop+1 L 0s) . So
mimicking our above analysis, we find that when d is even, the sum on
clsY =0, and when d is odd with d = 2¢ 4 1, we have

r*(Jg, Y r*(1g,Y
Y i X St

s YeF s Y €F5m
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